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Abstract
The new approach for calculation of transition form factors of hydrogenlike atoms
is proposed. The explicit expressions for form factors of transitions from bound nS-
states to continuum in terms of the classical polynomials are derived
The calculation of transition form factors from bound to unbound (continuum) states
of hydrogenlike atoms have been discussed in series of papers [1]. Nowadays, this problem
became of great importance due to preparing of the DIRAC experiment at CERN [2, 3,
4, 5].
The usual approach to this problem is based on the decomposition of continuum wave
functions into infinite series of partial waves and calculation of transition form factors from
initial bound state to final continuum state with definite value of angular momentum.
In this approach only finite number of terms of infinite series are taken into account in
actual calculation leaving unsolved the problem of estimation for contribution of omitted
tail with infinite number of terms.
We would like to show in this paper that above mentioned transition (bound to con-
tinuum) form factors of hydrogenlike atoms may be explicitly calculated without decom-
position of final state into infinite series of partial waves.
Below we shall prove this statement for the simplest case when orbital momentum
of bound state is equal zero, i.e. we restrict of ourselves with initial nS-states. The
generalization of this consideration for the case of arbitrary initial states will be done
later.
We define the transition form factors with the help of the following equation:
Sfi(~q) =
∫
ψ∗f(~r)e
i~q~rψi(~r)d
3r , (1)
where ψi(f) are the wave functions of initial (final) states of hydrogenlike atoms, ~q is the
transferred momentum.
For the case when i = n00 ≡ nS
ψi = ψn00(~r) =
(
ω3
π
) 1
2
exp(−ωr) · Φ(−n + 1; 2; 2ωr)
≡
(
ω3
π
) 1
2
n−1 exp(−ωr) · L1n−1(2ωr) , (2)
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where ω = µα/n; µ is the reduced mass and α = 1/137 is the fine structure constant; Φ
is the confluent hypergeometric function and Lλk are the associated Laguerre polynomials.
The wave function of the final (continuum) state must be choose in the form [6]
ψf (~r) = ψ
(−)
~p = c
(−) exp(i~p~r) · Φ [−iξ, 1,−i(pr + ~p~r)] , (3)
c(−) = (2π)−
3
2 exp
(
πξ
2
)
Γ(1 + iξ) ,
ξ =
µα
p
.
Now we use recurrence relation for the Laguerre polynomials [7]
Lλ+1k (x) =
1
x
[
(k + λ+ 1)Lλk−1(x)− (k + 1)L
λ
k(x)
]
(4)
and their representation with the help of the generating function
Lλk(x) = ∆
(k)
z
[
(1− z)−(λ+1) exp
(
xz
z − 1
)]
, (5)
where operator ∆(k)z is defined as follows:
∆(k)z [f(z)] =
1
k!
(
dk
dzk
f(z)
)∣∣∣∣∣
z=0
. (6)
Then
ψi(r) =
1
2r
(
ω
π
) 1
2
[
∆(n−1)z −∆
(n)
z
] [
(1− z)−1 exp [−ω(z)r]
]
, (7)
ω(z) = ω ·
1 + z
1− z
. (8)
The substitution of Eqs. (3) and (7) to (1) gives
S~p,noo(~q) =
1
2
(
ω
π
) 1
2
c(−)
[
∆(n−1)z −∆
(n)
z
] [J(~q, ~p, z)
(1− z)
]
, (9)
J(~q, ~p, z) =
∫
d3r
r
Φ [iξ, 1, i(pr + ~p~r)] exp[i(~q − ~p)~r − ω(z)r] . (10)
The last integral is easily calculated using integral representation for the hypergeo-
metrical functions (see e.g. [8]).
The result reads
J(~q, ~p, z) = 4π[ω2(z) + ~∆2]−1+iξ
[
[ω(z)− ip]2 + q2
]
−iξ
, (11)
where ~∆ = ~q − ~p.
Taking into account the definition (8) and obvious the relation
∆(n)z [zf(z)] = ∆
(n−1)
z f(z) , (12)
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(9) may be rewritten in the form
S~p,noo(~q) = −4(π · ω)
1
2 c(−)
(
∆(n)z − 2∆
(n−1)
z +∆
(n−2)
z
) (
D−1+iξ1 D
−iξ
2
)
, (13)
D1 = (1 + z
2)(ω2 + ~∆2)− 2z(~∆2 − ω2) ,
D2 = (ω − ip)
2 + q2 − 2z(q2 − p2 − ω2) + z2
(
(ω + ip)2 + q2
)
.
Using the definition of the Gegenbauer polynomials [7, 9]
(1− 2xz + z)−λ =
∞∑
k=0
C
(λ)
k (x) · z
k , (14)
it is easy to obtain
D−1+iξ1 = (∆
2 + ω2)−1+iξ
∞∑
k=0
C
(1−iξ)
k (u) · z
k , (15)
u =
∆2 − ω2
∆2 + ω2
;
D−iξ2 = [(ω − ip)
2 + q2]−iξ
∞∑
k=0
C
(iξ)
k (v) · w
k
· zk , (16)
v =
q2 − p2 − ω2√
[(ω − ip)2 + q2][(ω + ip)2 + q2]
,
w =
√√√√ (ω + ip)2 + q2
(ω − ip)2 + q2
.
At least, with the help of the relations
∆(n)z [f1(z)f2(z)] =
n∑
k=0
[
∆(n−k)z f1(z)
] [
∆(k)z f2(z)
]
(17)
and
C(λ)n (x)− C
(λ)
n−1(x) =
Γ(λ− 1
2
)Γ(n− 1 + 2λ)
Γ(2λ− 1)Γ(n+ λ− 1
2
)
· P
(λ− 3
2
,λ− 1
2
)
n (x) , (18)
where P
(λ− 3
2
,λ− 1
2
)
n (x) are the Jacobi polynomials, we finally obtain
S~p,noo(~q) = −2(π · ω)
1
2 · c(−) · (ω2 +∆2)−1+iξ (19)
×[(ω − ip)2 + q2]−iξ
Γ
(
1
2
− iξ
)
Γ (1− 2iξ)
·
n∑
k=0
wkC
(iξ)
k (v)
×

Γ (n− k + 1− 2iξ)
Γ
(
n− k + 1
2
− iξ
) · P (− 12−iξ, 12−iξ)n−k (u)− Γ (n− k − 2iξ)
Γ
(
n− k − 1
2
− iξ
) · P (− 12−iξ, 12−iξ)n−k−1 (u)

 .
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Thus, the result of the calculation for transition form factors of hydrogenlike atoms
for the case nS-continuum transitions is expressed in terms of the classical polynomials
and may be easily evaluated numerically with arbitrary degree of accuracy.
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